The method of maximum likelihood estimation based on Median Ranked Set Sampling (MRSS) was used to estimate the shape and scale parameters of the Exponentiated Exponential Distribution (EED). They were compared with the conventional estimators. The relative efficiency was used for comparison. The amount of information (in Fisher's sense) available from the MRSS about the parameters of the EED were be evaluated. Confidence intervals for the parameters were constructed using MRSS.
Introduction
One of the most common approaches of data collection is that of a simple random sample (SRS). Other more structured sampling designs, such as stratified sampling or probability sampling, are also available to help make sure that the obtained data collection provides a good representation of the population of interest. Any such additional structure of this type revolves around how the sample data themselves should be collected in order to provide an informative image of the larger population. With any of these approaches, once the sample items have been chosen, the desired measurements are collected from each of the selected items.
Many efforts are made to develop statistical techniques for data collection that generally leads to more representative samples (samples whose characteristics accurately reflect those of the underlying population). To this end, ranked set sampling and some of its variations were developed.
1.
RSS is more efficient than SRS with the same number of measured elements.
2.
Development of RSS procedure is more difficult than that of SRS. 3.
In SRS, just m elements are needed but in RSS m elements are chosen out of m 2 to achieve the desired sample.
Also stratified random sampling and RSS are different in some things like:
1.
In stratified sampling we limited with no more six strata but in RSS we are not restricted ourselves with the number of sets. 2.
In both of them SRS is used but in RSS ordering the elements in each set is needed before selecting the sample.
RSS as a method used basically for infinite population where the set of sampling units drawn from a population can ranked in a cheap way which is not costly and/or time consuming. The steps of choosing RSS are as follows:
1. Randomly select m sets each of size m elements from the population under study.
The elements for each set in Step (1) are ranked visually or by any negligible cost method that does not require actual measurements. 3.
Select and quantify the i th minimum from the i th set, i = 1, 2, …, m to get a new set of size m, which is called the ranked set sample. 4.
Repeat Steps (1) − (3) h times (cycles) until obtaining a sample of size n = mh.
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217 Figure 1 illustrates the procedure of RSS in terms of matrices. Let Y i = {X (ii) ; i = 1, …, m}; that is, the obtained RSS, {X (11) , X (22) Step 1:
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Step 4: RSS as a method is applicable where ranking and sampling units is much cheaper than the measurement of the variable of interest. In particular RSS can be used in the following situation:
1.
Ranking units in a set can be done easily by judgment in the variable of interest through visual inspection or with the help of certain auxiliary means.
2.
If there is a concomitant variable can be obtained easily (concomitant is a variable which is not of major concern but are correlated with the variable of interest).
Median ranked set sampling
MRSS was suggested by Muttlak (1997) as a method to estimate the population mean instead of RSS to reduce the errors, and increase the efficiency over RSS and SRS. It is described by the following steps:
If the process is repeated h cycles, then the RSS can be represented as a matrix of size n = 4h as it is shown in Step 4 of Figure 2 . 11  12  13  14  11  12  13  14   21  22  23  24  21  22  23  24   31  32  33  34  31  32  33  34   41  42  43  44  41  42  43  44   12  22  33  44  11  12  13  14   21  22  23  24 Step 1:
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The exponentiated exponential distribution
The exponentiated exponential distribution (EED) introduced by Gupta and Kundu (1999) as a generalization of the exponential distribution. It is of great interest and is popularly used in analyzing lifetime or survival data. Consider the random variable X that is exponentiated exponential-distributed with scale parameter λ > 0 and shape parameter α > 0. The probability density function of X is given by
The corresponding cumulative distribution function is given by
It is clear that the EED is simply the α th power of the exponential cumulative distribution. So, the case where α = 1 is called the exponential distribution. The mean, variance, skewness, kurtosis and the pdf's curves of the EED for different values of the scale and shape parameters are shown in Table 1 .
The properties of the EED have been studied by many authors, see for example Gupta and Kundu (2001) , Nadarajah (2011) , Ghitany et al. (2013) , and Ristić and Nadarajah (2014) . Stokes (1976) used RSS for estimating the parameters in a location-scale family of distributions. The RSS estimators of the location and scale parameters are shown to be more efficient than the SRS estimators. She also used RSS to estimate the correlation coefficient of a bivariate normal distribution. Lam et al. (1994) used RSS for estimating two-parameter exponential distribution. , and estimated μ and σ using the methods of maximum likelihood estimation and best linear unbiased estimation within the framework of RSS. Sinha et al. (1996) used RSS to estimate the parameters of the normal and exponential distributions. Their work assumed partial knowledge of the underlying distribution without any knowledge of the parameters. For each parameter, they proposed best linear unbiased estimators for full and partial RSS. Samawi and Al-Sagheer (2001) studied the use of Extreme RSS (ERSS) and MRSS for distribution function estimation. For a random variable X, it is shown that the distribution function estimator when using ERSS and MRSS are more efficient than when using SRS and RSS for some values of a given x.
Literature Review
Abu-Dayyeh and Sawi (2009) considered the maximum likelihood estimator and the likelihood ratio test for making inference about the scale parameter of the exponential distribution in case of moving extreme ranked set sampling (MERSS). The estimators and test cannot be written in closed form. Therefore, a modification of the maximum likelihood estimator using the technique suggested by Maharota and Nanda (1974) was considered. It was used to modify the likelihood ratio test to get a test in closed form for testing a simple hypothesis against one-sided alternatives.
Al-Omari and Al-Hadhrami (2011) used ERSS to estimate the parameters and population mean of the modified Weibull distribution. The maximum likelihood estimators are investigated and compared to the corresponding one based on SRS. It was found that the estimators based on ERSS are more efficient than estimators using SRS. The ERSS estimator of the population mean was also found to be more efficient than the SRS based on the same number of measured units. Haq et al. (2013) proposed a partial ranked set sampling (PRSS) method for estimation of population mean, median and variance. On the basis of perfect and imperfect rankings, Monte Carlo simulations from symmetric and asymmetric distributions are used to evaluate the effectiveness of the proposed estimators. It was found that the estimators under PRSS are more efficient than the estimators based on simple random sampling.
Abu-Dayyeh et al. (2013) used RSS for studying the estimation of the shape and location parameters of the Pareto distribution. The estimators were compared with their counterpart in SRS in terms of their biases and mean square errors. It was shown that the estimators based on RSS can be real competitors against those based on SRS.
Sarikavanij et al. (2014) considered simultaneous comparison of the location and scale estimators of a two-parameter exponential distribution based on SRS and RSS by using generalized variance (GV). They suggested various RSS strategies to estimate the scale parameter. Their performances in terms of GV were compared with SRS strategy. It was shown that the minimum values of set size, m, based on RSS, which would result in smaller GV than that based on SRS.
Maximum likelihood estimation and fisher information based on SRS
Consider a random sample coming from the EED f (x; α; λ) where the values of α and λ are unknown. The likelihood function is given by
Thus, the log likelihood function is 11 log ( , ) log log ( 1) log(1 ) .
The normal equations become
, we obtain the profile log-likelihood of λ as 1 11 log ( ( ), ) log log log(1 ) log log(1 ) .
The MLE of λ, can be obtained by maximizing (5) w.r.t λ as
However, the solutions are not in closed forms, in order to obtain estimates for α and λ, the normal equations can be solved numerically.
Fisher information (FI) number is used to measure the amount of information that an observable sample carries about the parameter(s). The FI number for the parameter θ is defined as
Based on the random sample 12 , , , n X X X the FI numbers of α and λ are, respectively, given by 
Maximum likelihood estimation and fisher information based on MRSS
Consider the maximum likelihood estimation of the parameters α and λ of EED under MRSS paying attention to the odd and even set sizes.
Odd set sizes
Suppose {Y ji ; j = 1, 2, …, m} is a MRSS from an EED, where h is the number of cycles and m is the set size. Since the set size m is assumed to be odd, the Y ji are independent and identically distributed as the distribution 
The likelihood function of MRSS for odd set size m is given by 
where c 1 is a constant. Thus, the log likelihood function is 
The MLEs of the parameters α and λ are the solutions of the Equations (9) and (10). However, the solutions are not in closed forms, in order to obtain estimates for α and λ, the normal equations can be solved numerically. Based on the MRSS {Y ji ; j = 1, 2, …, h; i = 1, 2, …,m}, for odd set size m, the FI numbers of α and λ are, respectively, given by
The observed FI numbers are evaluated at the maximum likelihood estimates.
Even set sizes
Because the set size m is assumed to be even, for each   The MLEs of the parameters α and λ are the solutions of the Equations (15) and (16). However, the solutions are not in closed forms, in order to obtain estimates for α and λ, the normal equations can be solved numerically. Based on the MRSS {Y ji ; j = 1, 2, …, h; i = 1, 2, …,m}, for even set size m, the FI numbers of α and λ are, respectively, given by 2 2 2 2 log ( , ) ( ) ,
The comparison between the resulting estimators under MRSS and SRS can be done using the asymptotic efficiency (see Stokes, 1995 
Interval Estimates
Let X 1 , …, X n be a random sample from f (x;θ), where θ is an unknown quantity. A confidence interval for the parameter θ, with confidence level or confidence
For large sample size, the maximum likelihood estimator, under appropriate regularity conditions (see Davison, 2008, p.118) , has many useful properties, including reparametrization-invariance, consistency, efficiency, and the sampling distribution of a maximum likelihood estimator ˆM 
Then, the approximate confidence limits for α and λ will be constructed using Equation (17) and (18), respectively.
Simulation Study
To investigate the properties of the maximum likelihood estimators of the scale and locations parameters of the EED a simulation study is conducted. Monte Carlo simulation is applied for different sample sizes, m = {2,3,4,5} and h = {10,50,100}, and for different parameter values, (α, λ) = {(1,1),(0.5,1.5),(1.5,2.5)}. The estimates of α and λ, the bias estimates, the MSEs, and the efficiency values are computed over 2000 replications for different cases. The results are reported in Tables 2-4 . Moreover, the observed Fisher information matrices and the asymptotic efficiency in estimating α and λ under SRS and MRSS are calculated and the results reported in Table 5 . The observed Fisher information numbers of α and λ based on SRS are denoted by FI SRS ( ) and FI SRS ( ), respectively, and the observed information numbers of α and λ based on MRSS are denoted by FI MRSS ( ) and FI MRSS ( ), respectively. The asymptotic efficiency, Aeff, for estimating α is found as the ratio
and for estimating λ is found as the ratio
Confidence intervals based on SRS and MRSS for (α, λ) = (1.5,2.5) for different sample sizes are constructed at 1 -γ = 0.95 level of confidence using Equation (17) and (18), respectively, and the results are shown in Table 5 . 
Conclusion
The method of maximum likelihood estimation for estimating the shape and scale parameters of the EED is studied in the MRSS framework. The new obtained estimators are com-pared with the conventional estimators obtained by SRS. The relative efficiency are calculated for comparing the estimators. The amount of information available from the MRSS about the parameters of the EED is evaluated. Confidence intervals for the parameters are constructed using SRS and MRSS. More specifically, we have the following conclusions.
1.
From Tables 2-4 it can be concluded that:
a. For each sampling method, the MSEs of the estimators decrease as the set size increases and as the number of cycle increases. b.
It is clear, from the biases, that MRSS overestimate and when the set size is odd and underestimate and when the set size is even. c.
The biases of the estimators based on MRSS when the set size is odd decrease as the number of cycle increases. When the set size is even the biases of the estimators based on MRSS increase as the number of cycle increases. d.
The efficiency is always greater than 1 when the set size is odd; that is, MRSS is more efficient than SRS in estimating the parameters of the EED.
2.
From Table 5 it can be concluded that:
ESTIMATION FOR PARAMETERS OF THE EED USING MRSS 236 a. Fisher information numbers obtained from MRSS are greater than that from SRS. b.
The asymptotic variances of the estimators decrease as the set size increases and as the number of cycle increases. c.
The interval width of the estimators decreases as the set size increases and as the number of cycle increases. d.
The interval width obtained by MRSS is narrower than the one obtained by SRS.
